The maximum wavelength at which light can propagate through a rectangular hole in a metal is dramatically increased due to the existence of surface-plasmon (SP) waves along the edges of the hole. For example, a 15-nm-wide hole in silver can have a cutoff wavelength more than double that of a perfect electric conductor. Furthermore, we show that there is a Fabry-Pérot (FP) resonance for light transmission close to the cutoff wavelength, which gives a peak in the transmission. Impedance mismatch between the hole and free space provides the reflection required for the FP resonance. Due to the SPs in the hole, the reflection coefficient is typically larger in amplitude and has a smaller phase-shift than what has previously been observed in microwave systems. Our findings using analytic theory, finite-difference mode calculations, and finite-difference time-domain simulations agree well with recent experiments on the transmission through subwavelength rectangular holes. The transmission resonances found in a single subwavelength hole are of interest to nanolithography, biosensors, subwavelength microscopy, and photonic integrated circuits.
angular holes, the transmission depends upon the aspect ratio of the hole, which was called the "shape-effect" in that paper [12] . It was postulated that the "shape-effect" was the result of localized SP resonances. A recent paper has investigated the transmission through a single rectangular aperture, while systematically varying the aspect ratio of the rectangle [13] . That paper found the surprising result that the maximum transmission through the hole was red-shifted as the hole was made smaller. We have explained how this red-shift arises due to the effect of the SP coupling between the edges of the aperture [14] .
In this paper, we show that Fabry-Pérot (FP) resonances lead to a maximum in transmission close to the cutoff wavelength and for other resonant wavelengths. Due to the impedance mismatch between the hole and free space, there is a negative phase of reflection and so the zeroth-order resonance exists even for very thin films ( 200 nm at 600-nm wavelength).
In Section II, we review the analytic theory of light transmission through a rectangular aperture in a real metal and apply this theory to show the dramatic increase in the cutoff wavelength as the hole size is reduced. The results are confirmed with finite-difference calculations including the material loss of silver. In Section III, we simulate the transmission resonance using finite-difference time-domain (FDTD) simulations and numerical mode analysis. FDTD simulations are carried out for different film thicknesses to confirm the existence of FP resonances. The phase and reflection amplitude from the impedance mismatch between the hole and free space are extracted from the FDTD calculations. We also show that the negative phase of reflection allows for a zeroth-order mode near the cutoff wavelength in thin films.
II. SP ENHANCEMENT
In this section, we use an analytic theory to calculate the increase in the cutoff wavelength that results when a rectangular hole is made smaller in a real metal. The cutoff condition, which determines the maximum wavelength that light can propagate in a waveguide, is given by the wavelength at which the lowest order waveguide mode has a propagation constant of zero. Since analytical expression does not exist for the waveguide modes in a rectangular waveguide in a real metal, we use the effective-index method to analyze these modes. Fig. 1 gives a schematic representation of the effective index method. A rectangular waveguide with short edge and long edge is analyzed. The center of the waveguide is assumed to be air. For a PEC, the lowest order mode has a cutoff wavelength given by (1) 1536-125X/$20.00 © 2006 IEEE where is the wavelength. That mode has the E-field along the direction and the H-field along the direction. We consider a solution with the same polarizations as the PEC case; however, we solve for modes that include the field penetration into the metal. In the direction, the solution is given by the simple expression for a dielectric waveguide. In the direction, however, the solution for the H-field is given by a hyperbolic cosine in the center of the waveguide. This hyperbolic cosine comes from the coupling between SP waves on the opposite long edges of the hole. As a result, the transcendental solution for the effective propagation constant is given by (2) where , are the dielectric constants for metal and air, is the free-space wavevector, and is the propagation constant.
The next step of the solution is to use the propagation constant to determine an effective dielectric constant and solve for the TE solution along the direction. The cutoff wavelength may then be found from (3) where . Fig. 2 shows the calculated cutoff wavelength as a function of the short-edge width of the hole. When the size of the hole is decreased, the cutoff wavelength actually increases, which allows for longer wavelengths of light to propagate through the hole. This counterintuitive result is consistent with recent experiments on subwavelength holes in metal films [13] . For very short holes, the cutoff wavelength increases dramatically. (3) was used for calculation. Drude model was used to calculate dielectric constant of silver [15] . PEC cutoff wavelength of 540 nm and 1-D (without SP-enhancement) cutoff wavelength of 630 nm are also shown for comparison.
We have verified the validity of the effective-index model by finite-difference computation [14] . While the effective-index method works very well for the parameters of this paper, it is less valid when there is both a significant field penetration into the metal regions and the boundary conditions cannot be matched outside of the hole. In particular, less accurate results are expected when both and . Fig. 3 shows this calculation once again for a 270 by 105-nm hole, this time using a Drude model to capture the dispersion of the silver [15] . Fig. 3(a) shows the value of the effective index reducing to near zero at the cutoff wavelength of 792 nm. The effective index stays a small amount above zero due to the finite loss of the film. In Fig. 3(b) , the loss is shown. Large attenuation of the mode is seen as the wavelength increases beyond cutoff; only a few tens of nanometers above the cutoff wavelength, the attenuation from material loss, is negligible by comparison.
III. FP RESONANCE
Due to the impedance mismatch between the modes in a rectangular waveguide and the free-space modes, there is a reflection of the mode at the surface interface of the film. This problem is well studied for microwave waveguides, where the penetration of the field into the metal is negligible, so the PEC approximation is valid. It has been suggested that for a PEC waveguide the reflection coefficient is relatively insensitive to the waveguide geometry [16] and found to be [17] , [18] . This shows that there is a negative phase-shift associated with the reflection. As a result, a zeroth-order FP resonance (or displacement resonance) can exist for film thicknesses that are even smaller than the half wavelength of light. In this section, we use FDTD simulations to solve for the FP resonances in a real metal. From these results we extract the corresponding phase and amplitude of reflection for the SP mode in a real metal.
Our FDTD simulations consisted of a rectangular aperture having a long edge of 270 nm and a short edge of 105 nm in Fig. 3 . Plot of (a) effective index and (b) loss of lowest order mode as function of wavelength obtained by a finite-difference analysis of 270 by 105-nm rectangular hole in silver. Drude model was used to capture dispersion of dielectric constant of silver [15] . a silver film with Drude parameters. Perfectly matched layer boundary conditions were used to prevent reflection of the outgoing waves. The simulation cross-section area within the perfectly match layer was 324 144 nm . The grid sizes along the and directions were 9 nm, while along the direction it was 5 nm. This was done to have better resolution along the direction of propagation of the wave. A normally incident excitation field was used, a broadband pulse of 2 fs polarized perpendicular to the long edge of the hole. The simulation was carried out for an integration time of 30 fs. A frequency domain power monitor was placed on the exit side to record the transmission. The thickness of the film was varied from 200 nm to 1 m and the corresponding transmissions at the exit side were recorded. Fig. 4 shows the presence of the zeroth-, first-, and secondorder FP resonances as peaks in transmission. The zeroth-order mode exists at longer wavelengths and for very thin films, which is due to the negative phase of reflection between the mode in the hole and free space. For example, at 600-nm wavelengths, the film thickness that provides a zeroth-order FP peak is less than 200 nm. For thinner films, there is also considerable transmission past the cutoff wavelength due to evanescent coupling of the lowest order modes.
The phase of reflection was calculated for the first-order mode using (4) where is the effective index obtained from a modal analysis of the structure shown in Fig. 3(a) . Fig. 5 shows the phase of reflection calculated from (4) and the first-order resonance as shown in Fig. 4 . The phase shift is less than values found previously for microwaves [17] , [18] . The phase shift becomes greater as the wavelength is increased and silver becomes a better conductor, thereby approaching the PEC case that is a valid approximation for the microwave regime.
The amplitude of reflection increases with the thickness of the film. The absolute value of the reflection coefficient can be found from (5) where is ratio of the maximum to the minimum value of the amplitude of the mode. From Fig. 6 , where the film thickness is 600 nm, the amplitude of the reflection coefficient was found to be 0.50. This calculation was taken from the FP resonance at 624 nm. A similar method was carried out for a 1-m-thick film and the value of was found to be 0.47 for the FP resonance at 730 nm.
Since this paper was submitted for publication, a paper has been published which describes the resonant transmission through a rectangular hole in a PEC [19] . That paper did not include the penetration of light into the metal, and so it does not show the enhanced cutoff wavelength that we observed in Fig. 2 and the effects that are apparent in the rest of this paper. The PEC case was also treated previously [17] , [18] .
Another paper has presented a detailed study of arrays of rectangular holes in metal films [20] and showed a red shift in the transmission peak as the aspect ratio of the holes was increased, which agrees qualitatively with the results of Fig. 2 presented here. Studies of random hole arrays in that paper produced a similar red shift as well. That paper did not study variations in the film thickness, as we have done here, or formulate the reflection phase and amplitude.
IV. CONCLUSION
We have studied the transmission of light through a rectangular aperture in a silver film. We used an analytic theory to show how the cutoff wavelength of the mode in the hole is increased dramatically by the presence of SP waves. As the hole becomes smaller, the maximum wavelength of light that can propagate within the hole actually increases due to the SP waves. We have also shown that FP resonances lead to a peak in the transmission. There is a zeroth-order resonance that occurs for very thin films due to the negative phase of reflection at the boundaries between the film and free space. By studying the FP resonances for different film thickness, we were able to calculate the reflection amplitude and phase due to the impedance mismatch between the hole and free space. The calculated values are comparable to but less than those found for microwave experiments. The transmission through subwavelength apertures in metal film is of fundamental interest to nanophotonics; consequently, the findings of this paper may be applied to designing NSOM probes, nanolithography using subwavelength holes, biosensors, and photonic integrated circuits.
